Exploring trans-Planckian physics and the curvature effect by primordial power 

spectrum with WMAP five-year data 
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The vacuum inflation with a boundary condition specified at a short-distance scale in a generally 
primeval non-flat Universe, and implications of the correspondingly modified primordial power spec- 
trum via the WMAP data are investigated. We obtain a general form of the modified primordial 
power spectrum including the effects of both possibly new physics scale and the spatial curvature. 
The modulation of the primordial power spectrum due to new physics is of the order H/A, where H 
is the Hubble parameter during inflation and A is the new physics scale that is key to inflation, while 
the modulation from the curvature effect is of the order K/k 2 , where K is the spatial curvature 
before inflation and k is the comoving wave number. We also find that a closed Universe before 
inflation is favored by WMAP five-year data. 

PACS numbers: 98.80.Cq, 98.70.Vc 



I. INTRODUCTION 

Great progress achieved in observational cosmology in 
the past few years has offered us an opportunity to probe 
the possible trans-Planckian physics as one of high en- 
ergy frontiers in the spectrum of cosmic microwave back- 
ground (CMB) radiation fluctuations. Inflation is in- 
creasingly convinced to be a consistent picture for uni- 
verse evolution by mainly CMB experiments [if. The 
physics at high energy scales is reflected in the cosmic 
size magnified by microscopic quantum fluctuations dur- 
ing the inflation era and the trans-Planckian physics in 
inflationary cosmology has been studied and proposed 
to be probably detectable @, H, 0, H, Q . In astrophysics 
observations the WMAP data have been analyzed to con- 
strain cosmological models and study physics during in- 
flation with the primordial power spectrum 0, H, [1| . The 
imprints of quantum fluctuations implied by a quantum 
gravity theory near Planck scale, like superstring theory 
is potentially detectable with more precise data like in 
the upcoming Planck satellite mission, which will help 
us to explore the fundamental laws of nature. 

Many aspects of new physics have being studied re- 
cently, partly such as the CPT violation [lfjj, tempera- 
ture of the inflation [ll[ , modified dispersion relation [12] , 
noncommutative space time [l3| . modified uncertainty 
principle [3], relations to dark energy [l5| and various 
other interesting topics. A simple but well motivated case 
is that, for an energy scale A, new physics emerges as a 
boundary condition in the momentum space without as- 
suming the specific nature of the short-distance physics. 
The effect can be described by a modulation term to the 
primordial power spectrum. Some versions of the mod- 
ulation of the primordial power spectrum present as a 
linear term 0, y] , while others show that the leading or- 
der is quadratic [l7|. Some authors claim that the 
effects are linear in H/A is of crucial importance to have 
detectable effects [|| since H ~ 10 14 GeV during the in- 
flation. In literature the non-flat pre-inflation Universe 



has been studied [HI, [T|| and the modified primordial 
power spectrum due to the spatial curvature has been 
calculated out [18(] , as another perspective to explore the 
trans-Planckian physics. 

We perform a combined analysis of the modulation 
to the primordial power spectrum due to both the 
new physics scale and the spatial curvature. Following 
Danielsson's method @, we calculate the exact solution 
of the primordial power spectrum, and then propose an 
approximate form with explicit physical meanings. The 
leading order modulation to the primordial power spec- 
trum by new physics is a term with order of magnitude 
H/A, where H is the Hubble parameter during inflation 
and A is the new physics scale, important for inflation. 
And the leading order modulation by the curvature effect 
is a K/k 2 term, where K is the spatial curvature before 
inflation and k is the comoving wave number. Based on 
this theoretical result, we can add two more parameters, 
which describe the new physics scale and the curvature 
contributions, into the six-parameter standard model of 
cosmology and employ the WMAP five-year data to fit 
globally the parameters. 

This paper is organized as follows: In the next sec- 
tion, we present the basic calculations of the primordial 
power spectrum. In Sec III, we summarize the method 
and the results obtained by Danielsson and Easther et al. 
Then we combine the effects of the possibly new physics 
scale and the spatial curvature into the primordial power 
spectrum. In Sec. IV, we use the newly modified primor- 
dial power spectrum to fit the WMAP data sets. Finally, 
we present our conclusions with discussions in the last 
section. 



II. BASICS OF THE FRAMEWORK 

First considering the Friedmann-Robertson- Walker 
metric in the flat space geometry (K=Q) as the case fa- 
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vored by observational data 

ds 2 = -dt 2 + a(t) 2 dx 2 , 



(1) 



where a(t) is the scale factor. The Hubble parameter is 
defined by H = a/a, where the dot denotes a derivative 
with respect to comoving time t. In conformal coordi- 
nates the metric takes the form 



ds 2 = a(ii) 2 (-dr) 2 + dx 2 ), 



(2) 



where r\ is the conformal time. We take r\ = — -jj as 
an approximation if H is near constant during inflation. 
By solving Einstein's equation, we obtain the Friedmann 
equations 
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where p and p are respectively the globally isotropic and 
homogenous energy density and the pressure for the cos- 
mological fluid assumed as perfect fluid, and a prime de- 
notes a derivative with respect to conformal time. The 
content of the early Universe is assumed to be described 
by a scalar field <fi with a potential V(<j>) from a funda- 
mental theory, and the equation of state (EOS) can be 
expressed as p = \§ 2 + V{<j>), with p = \§ 2 — V(<f>). The 
equation of energy conservation p + 3H(p + p) = for 
the scalar field is $ + iH(f> + V'(<j>) = 0. 

The simple inflationary scenario predicts that a single 
scalar field generates adiabatic, Gaussian and nearly scale 
invariant spectra of scalar and tensor perturbations. We 
use the rescale field \i that is determined by an equation 
of parametric oscillation 
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where zg = ^Jea and zt = a. Here S and T denote 
the scalar and tensor perturbations, respectively, and 
\fi ~ 4>/H is the first slow roll parameter (we take 
8tt/M p = 1 for simplicity). For the detailed derivations, 
see Ref. The solution of Eq. @ should satisfy the 

asymptotic condition 
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In this paper, we only consider the scalar perturbations 
and assume e is almost constant. The primordial power 
spectrum for scalar perturbations is defined by 
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The scalar spectrum index and the running scalar spec- 
trum index are defined respectively by 



1 



dlnP(fc) 
din A; 



Q 



d 2 lnP(fc) 
d(lnk) 2 ' 



(7) 



The solution of Friedmann equations combined with 
the EOS of perfect fluid is given by 



a(r)) oc r, 2 ^ 1+3w \ 



(8) 



which can be written as 0(77) = f]~ c , if we write the EOS 
parameter asw = -j-|; (which is obtained by a holo- 
graphic dark energy model (21|). Note that both the 
power-law inflation a{t) oc t p and the exponential infla- 
tion a(t) oc e* in terms of comoving time correspond to a 
power-law form a(j]) oc t]~ c in terms of conformal time. 
The case c = 1, i.e., w = — 1 the cosmological constant 
by definition, is the case that we are most interested in, 
thus Eq. g]) is 
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The exact solution of this equation can be explicitly given 
out as 

ufa) - c 1 ^ c+ i /2 (M + c 2 ^nH* c+1/2 {k n ), (10) 

where the integral constants C\ and C2 are determined 
by the asymptotic condition Eq. and Hi(x) is the 
Hankel function. Since the asymptotic condition Eq. ([5]) 
describes a spherical wave in momentum space, we choose 
the spherical Hankel function hi (x) . The solution should 
be u{r)) = C(k)r)-h*(r)k). In the following we can see that 
the effect of the new physics is included by a mixture of 
the two terms. Thus in the general case, the primordial 
power spectrum for scalar perturbations is given by 

P(fc) = (f) © ^%v 2 \Cih c (k v ) + c 2 K(k v )\ 2 . 

(11) 

The limit 77 — > is because we consider the late times. 



III. NEW PHYSICS SCALE AND THE 
CURVATURE EFFECT 

We would like to discuss the encoded effects of trans- 
Planckian physics in the primordial power spectrum. 
The main procedure of a general approach proposed by 
Danielsson is summarized as follows. The initial con- 
dition is imposed when p = A, where A is the energy scale 
of new physics important for inflation. We treat H/A as 
a free parameter and fit it with observational data in the 
next section. Since the comoving momentum is given by 
k = ap = — ttt, the initial condition is 
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By defining the conjugate momentum 



(12) 
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the quantization of the system in terms of time- 
dependent oscillators is given by 



7= (ak{v) + a - k ( r l)), 



(14) 



(15) 



Then we can apply a Bogoliubov transformation to mix 
the creation and annihilation operators at a specific con- 
formal time r]Q. The choice of vacuum 
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means that Vk(r)o) = and 7Tfc (ryo) = ikfik(Vo)- 

We choose the linear combination of the first-order 
spherical Hankel function and its conjugate 
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as the solution of Eq. 
skian condition 



V2k 
in the case c 



du k 



du l 
dr 



1 + rJ- < 17 > 

1. The Wron- 



(18) 



gives 



\A k \ 2 - \B k \ 2 = 1. 
The choice of vacuum Vk(j]o) = presents 
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(20) 



where A k 1 if 770 is very large. A more general calcula- 
tion for Ak and B k modified by trans-Planckian physics 
can be found in Ref. [HI- Finally the primordial power 
spectrum is obtained by 
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This result is for the gravitational wave, and one needs 
to take an extra factor 1/e into account for scalar per- 
turbations. Easther et al. generalize this result to an 
arbitrary background [H 
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Their result can be written as 
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Po(k), 
(23) 



where Po(k) denotes the primordial power spectrum in 
Bunch-Davies vacuum. This is consistent with Daniel- 
son's result, since the sigh before the modulation term is 
insignificant. 

We further generalize the modulation of the primor- 
dial power spectrum to non-flat Universe. The effects of 
the spatial curvature before inflation have been studied 
in Ref. [l8[. The calculations for the open Universe and 
the closed Universe are slightly different, thus we only 
show the closed Universe for example. For the detailed 
calculations, please see Ref. 18]. Note that a non-zero 
curvature is assumed before inflation, while the present 
curvature is assumed to be zero as universe large expan- 
sion. In a closed Friedmann Universe, the scale factor for 
a closed Universe can be solved as 
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(24) 



where K is the curvature of the space. The scale factor 
in terms of the conformal time is 
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where ^p- < a < 00 as — ■^7= < t] < 0. Then, the 
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perturbation equation is 
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The general solution of this equation is given by 
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We use Eq. (fTTj) to calculate the modulation of the pri- 
mordial power spectrum by spatial curvature as 



P(k) = 



(1 + K/k 2 ) 3 / 2 



Po(k). 



(29) 



In the following we follow Danielsson's method to en- 
code the new physics scale that is important for inflation 
into the primordial power spectrum for a universe with 
non-zero curvature. It is easy to check that the Wron- 
skian condition also gives |^4fc| 2 — \Bk\ 2 — 1. The choice 
of vacuum gives 



B = k-Vk 2 +K + iVK cot(VK Vo ) c - 2lVWT K mA 

k k + y/k 2 +K + i^/K cot(VKri ) k ' 

(30) 
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We consider the case at late times when 77 — ^ similar to 
Eq. (|2ip , and obtain the primordial power spectrum as 



P(k) = 



(fc - Vfc 2 + K) 2 + Kcos(2y/k 2 +Krj ) 
2kVk T +K 



K cot(VKr]o) sin(2Vfc 2 + Km) 
k 

^cot 2 (v / 7?r/ )sin 2 (Vfc 2 + Kr] ) 
2kVk 2 + K 

Po(k), 



(l + K/k 2 ) 3 / 2 



(31) 



which is the final result with the modulation of the pri- 
mordial power spectrum in a generally closed Universe. 
This can be reduced to Eqs. (J3TJ) and ([29]) . 

By assuming that corrections from both new physics 
and the curvature effect are very small, we can use the 
linear approximation, in which, the modified primordial 
power spectrum is given by 



P(k) = A s k 



-2c 



K 



(32) 



where the possibly new physics gives a £ = H/A fac- 
tor correction to the primordial power spectrum, and the 
spatial curvature contributes a K/k 2 term, before which 
the coefficient can be absorbed in K. For the open Uni- 
verse with negative K, we can also obtain the same form 
as Eq. (|3"2"]). The physical meaning is clear: If no new 
physics, the asymptotic behavior of the spherical Hankcl 
function is the free spherical wave. The cutoff due to 
new physics serves as a boundary condition in momen- 
tum space, and therefore, the choice of the vacuum leads 
to a mixture of the positive and negative mode states, 
i.e., outward- and inward-going waves classically. The 
amplitude of the spherical wave in a non-flat space will 
be modified and contribute a separate term by linear ap- 
proximation. The modulations of the primordial power 
spectrum will be magnified in the CMBR fluctuations, 
which can be probed by WMAP mission and the future 
PLANCK satellite observations. 



IV. PROBING NEW PHYSICS AND THE 
CURVATURE EFFECTS BY WMAP5 DATA 

Reconstructing the primordial power spectrum [231 . [24], 
25] from CMB experiments is an essential task to un- 
derstand the early Universe physics. The commonly as- 
sumed form of the primordial power spectrum is 



P(k) = A s 



(33) 



where n s = 1 corresponds to the Harrison- Zeldovich 
(scale invariant) power spectrum. Slow-roll inflationary 
models predict that n s is very close to one. To study 



more details for the spectrum, we should also concern 
on the second-order term. A standard approach is the 
logarithmic expansion to P(k) as below 



lnP(yfc) = lnA s + (n s -l)ln 



In 2 



(34) 



The modification of the power spectrum due to new 
physics can be highly model-dependent, nevertheless, we 
can make as less as possible assumptions in our model. 
The modified primordial power spectrum can be tested 
with more and more observational CMB data with in- 
creasingly precision. As we know Danielsson's result of 
the modification is 



sin 



(35) 

where £ = 4 x 10 4 v /e/7, and 7 = A/M p , and the con- 
stant k n corresponds to the largest scales measurable in 
the CMB Q ■ As another approach, the oscillations in the 
primordial power spectrum was studied by setting a step 
in the inflationary potential 26]. In the present work, we 
focus on the curvature effect in the data fitting. 

We propose a general modified primordial power spec- 
trum in form as 



P(k;e,£,K)=A s 



-2t 



(1 - M e - M K ), (36) 



where 



M K = 



K' 



(k/k ) 



(37) 

Here denotes the modulation due to new physics, and 
Mk stands for the modulation from the spatial curva- 
ture. We make a data fitting analysis to the obtained 
modified primordial power spectrum by using Monte 
Carlo techniques as implemented in the publicly available 
CosmoMC code [13] together with the likelihood code 
developed by the WMAP team l]. We take k = 0.05 
Mpc" 1 . 

The parameters in our model are the six parameters in 
the standard cosmology model plus two addition param- 
eters that describe the new physics scale and the spatial 
curvature, respectively. We have numerically calculated 
the scalar spectrum index n s and its running a as a func- 
tion of the wave number k, i.e., n s = n s {k) and a = a(k). 
Since k serves as a parameter, we cannot obtain the exact 
values of n s and a, but we can plot the relation between 
them. Fig. [TJ plots the relation between n s and a, which 
is consistent with the values fitted by the WMAP team. 
We set £ = and fit the model with data, thus only K' 
is a new parameter in the model. Firstly we does restrict 
the value of K 1 to be positive or negative, but after the 
fitting we find that the closed Universe with positive K 1 
is favored. Fig. [2] plots the marginalized contours of the 
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FIG. 1: The relation between the scalar spectrum index and 
its running. Here we take K' = 10~ 6 and the solid, dashed, 
and the dotted lines correspond to the parameters (e, £) as 
(0.024, 0.015), (0.024, 0.01), (0.02, 0.015), respectively. 
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V. CONCLUSION AND DISCUSSION 

We have obtained a general modulation formula to the 
CMB primordial power spectrum due to both possibly 
new physics and the curvature effect. The leading or- 
der of additional terms in the modified primordial power 
spectrum is H/A and K/k 2 , respectively. From the clas- 
sical point of view, the effects of new physics can be 
regarded as a reflection result by the boundary of the 
momentum space, i.e., a mixture of the outward- and 
inward-going waves. The spatial curvature before infla- 
tion should not be too large, otherwise it will largely 
change the observed power spectrums, and thus a fine- 
tuning may be required. Nevertheless, it is reasonable to 
include the curvature generally and indeed it improves 
the data fitting. We find that a closed pre-inflation Uni- 
verse is slightly favored by the data fittings. 

Another important issue in cosmology is to understand 
the nature of the dark energy dominated current cosmic 
speed-up expansion. It may be probable that the in- 
flation and the dark energy can be described by a uni- 
fied theory, which exhibits different dynamic and kine- 
matic behaviors in the early high energy scale universe 
and the later low energy scale universe evolutions. Some 
approaches such as modified gravity [28[ has been at- 
tempted to explore such possibilities. The observational 
cosmology has challenged the situation that the string 
theory is believed as beyond the experimental science, 
but cosmic observations will provide powerful data sets 
to test the implications from high energy scale quantum 
gravity, like string cosmology [29j]. We can be sure that 
the upcoming astrophysics missions, like Planck satellite 
will open a new era for us to understand the underlying 
physics in inflation scenario and dark energy mystery, 
with expectations to conceive possibly new physics and 
fundamental laws of nature. 



FIG. 2: The marginalized contours (68% and 95% C.L. 
the model only with curvature. 



for 



parameters n s and K'. If we take K' ~ 10 6 , the energy 
density of the spatial curvature today is 
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«2 tt2 

a Q H 
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(38) 



In conclusion, the result shows that a model for the 
primordial power spectrum with a positive curvature is 
slightly favored by WMAP five-year data fittings. 
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